In this article we study normal generation of irrational ruled surfaces. When C is a smooth curve of genus g, Green and Lazarsfeld proved that a very ample line bundle L ∈ PicX with deg(L) ≥ 2g +1−2h 1 (X, L)−Cliff(X) is normally generated where Cliff(C) denotes the Clifford index of the curve C (Green and Lazarsfeld, 1986) . We generalize this to line bundles on a ruled surface over C.
Introduction
Let X be a smooth projective variety, and let L be an ample line bundle on X. If the natural maps S k H 0 (X, L) → H 0 (X, L k ) are surjective for every k ≥ 1, then L is said to be normally generated. If L is normally generated, then L is necessarily very ample and it defines an embedding φ L : X → P = PH 0 (X, L).
In this case, one says that φ L embeds X as a projectively normal variety. The importance of this condition is the following: If L is normally generated, then the problem of computing h 0 (P, I X/P (k)), the number of hypersurfaces of degree k passing through X, is reduced to the problem of computing h 0 (X, L k ). So it is natural and interesting to study the following problem:
( * ) Find conditions on L ∈ PicX so that it is normally generated.
When X is a smooth curve of genus g, the earliest result is due to G. Castelnuovo [C] who showed that L ∈ PicX is normally generated if deg(L) ≥ 2g + 1. Also the classical theorem of M. Noether states that the canonical bundle is normally generated unless X is hyperelliptic. In [GL] Green and Lazarsfeld generalized these statements. If Cliff(X) denotes the Clifford index of the curve X, then a very ample line bundle L ∈ PicX with deg(L) ≥ 2g + 1 − 2h 1 (X, L) − Cliff(X) is normally generated.
In this paper we deal with the normal generation of line bundles on ruled surfaces. To give precise statements, we require some notation and definitions. We will follow the notation and terminology of R. Hartshorne's book [Ha] , V §2. Let C be a smooth projective curve of genus g, E a normalized vector bundle of rank 2 over C and X = P C (E) the projective bundle with the projection morphism π : X → C.
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E is said to be normalized if H 0 (C, E) = 0 while H 0 (C, E ⊗ O C (D)) = 0 for every divisor D of negative degree. We set e = 2 E and e = −deg(e).
We fix a minimal section C 0 such that O X (C 0 ) = O P C (E) (1). For b ∈ PicC, bf denotes the pullback of b by π. Thus any element of PicX can be written aC 0 + bf with a ∈ Z and b ∈ PicC.
Remark 1.1. When X is a rational or an elliptic ruled surface, the above question ( * ) is completely solved. If X is a rational ruled surface, then aC 0 + bf is very ample ⇔ normally generated ⇔ a ≥ 1 and b − ae ≥ 1.
See V §2 in [Ha] and Theorem 1.3 in [GP2] . If X is an elliptic ruled surface with e ≥ 0, then aC 0 + bf is very ample ⇔ normally generated ⇔ a ≥ 1 and b − ae ≥ 3. Also if e = −1, then aC 0 + bf is very ample ⇔ normally generated ⇔ a ≥ 1, a + b ≥ 3 and a + 2b ≥ 3. See [Ho1] and [Ho2] .
The following is our main result: (C) and hence h 1 (C, , b+ae) ≤ 1. Then L is normally generated and the homogeneous ideal I X of X ⊂ PH 0 (X, L) is generated by forms of degree ≤ 4. Moreover if H 1 (C, b + ae) = 0, then I X is generated by quadratic and cubic equations.
For the proof we use Butler's methods and results developed in [B1] and [B2] . More precisely, we first show that L is normally generated if the multiplication map
is surjective for i = 1 and 2. To prove this we consider the elementary filtration of S ai E induced from the short exact sequence 0 → O C → E → e → 0. Then we apply Lemma 2.1 and Butler's result in [B2] to the filtration.
Remark 1.2. When X is a ruled surface over a curve of genus g, David C. Butler [B1] obtained the following result: aC 0 + bf (a ≥ 1) is normally generated if e ≥ 0 and b − ae ≥ 2g + 1 or if e < 0 and b − ae 2 > 2g.
Also, our Theorem 1.1 reproves Theorem 3.3 in [Ho1] and refines Butler's result when e ≥ 0 or when 2 − 2Cliff(C) ≤ e < 0. Indeed note that if e ≥ 0 and b − ae ≥ 2g + 1, then the above conditions (α), (β) and (γ) are automatically satisfied.
As an application of Theorem 1.1, one can prove the following: 
When C is nonhyperelliptic the image of X by the map defined by the complete linear system of C 0 + bf is called a canonical scroll. They prove that every special linearly normal scroll is the linear projection of a canonical scroll. Thus canonical scrolls play the same role of canonical curves. Also §6 in [FP2] is devoted to investigate the projective normality of the canonical scrolls. Theorem 6.16 in [FP2] can be reproved by applying Theorem 1.1 or a variant of Corollary 1.2.
The paper is organized in the following way: In §2 we review some definitions and general results. In §3, we prove our main result. In §4 we apply Theorem 1.1 to ruled surfaces over a curve of genus 3 and 4 and obtain some concrete results.
Definitions and general results
(2.1) Let X be a smooth projective variety and let L ∈ PicX be an ample line bundle on X which is generated by its global sections. A coherent sheaf F on X is said to be m-regular with respect to L if H i (X, F ⊗ L ⊗(m−i) ) = 0 for all i ≥ 1. In this case, the natural multiplication maps
are surjective for all j ≥ m and k ≥ 1. For details, see Theorem 1.8.5 in [L] . Now assume that L is m-regular with respect to L itself, i.e., H i (X, L ⊗(m+1−i) ) = 0 for all i ≥ 1. Then the multiplication maps H 0 (X, L) ⊗ H 0 (X, L ⊗i ) → H 0 (X, L ⊗(i+1) ) are surjective for all i ≥ m + 1.
(2.2) Let X ⊂ P r be a smooth projective variety of dimension n ≥ 1 and let I X be the sheaf of ideals of X. Then I X is m-regular with respect to O P r (1) if and only if H 1 (P r , I X (m − 1)) = H 1 (X, O X (m − 2)) = · · · = H n (X, O X (m − n − 1)) = 0. If I X is m-regular with respect to O P r (1), then the homogeneous ideal I X of X is generated by forms of degree ≤ m. For details, see Lecture 14 in [M1] .
(2.3) Let L 1 and L 2 be very ample line bundles on a smooth curve C of genus g ≥ 2. Assume that deg (L i (C) for i = 1, 2. Then L 1 and L 2 are normally generated by [GL] . Also the homomorphism
is surjective by [B2] . Indeed note that Image(τ ) ⊂ H 0 (C, L 1 ⊗ L 2 ) separates points and tangents since L 1 and L 2 are very ample line bundles. Thus the assertion comes immediately from Theorem 1 in [B2] .
(2.4) Here we present an elementary but useful lemma to show that some vector bundle is generated by global sections and that a multiplication map of global sections on vector bundles is surjective. This is a modified form from Lemma 2.4 in [GP1] .
Lemma 2.1. Let X be a smooth projective variety and let 0 → F → G → H → 0 be a short exact sequence of coherent sheaves on X such that the sequence
is exact. Assume that F and H are globally generated.
(1) G is globally generated.
(2) Let E be a vector bundle on X. If the multiplication maps
(2.5) Let C be a smooth projective curve of genus g ≥ 1. For a vector bundle F on C, the slope µ(F) is defined by deg(F)/rank(F) and the minimal slope
Here we quote the following two Butler's lemmas in [B1] .
Lemma 2.2. For vector bundles E and F on C,
(
Proof. See the proof of Lemma 5.3 in [B1] .
(2.6) Let E be a vector bundle over a smooth projective variety Y and let X = P Y (E) with the projection map π : X → Y and tautological line bundle H.
Definition 2.1. For a vector bundle F over X, we say that F is f π-regular when R i π * (F(f − i)) = 0 for every i ≥ 1.
Here F(f − i) = F ⊗ H f −i . By definition, a line bundle of the form aH + π * B is (−a) π-regular. We present some basic facts about the π-regularity. Lemma 2.4 (Lemma 3.2, [B1] ). Let F and G be two vector bundles on X with f and g π-regularity, respectively.
(3) If f ≤ 0 and F = π * (π * F), there is an exact sequence of vector bundles on
(4) If f ≤ 0 and π * F is globally generated, then F is also globally generated.
Proof of the main theorem
Our purpose in this section is to prove Theorem 1.1.
Proof of Theorem 1.1. Since 0 ≤ Cliff(C) ≤ g−1 2 , our assumptions (β) and (γ) guarantee that b − ae ≥ 3g−1 2 and b ≥ 3g+3 2 . Recall that µ − (E) = −e if e ≥ 0 and µ − (E) = − e 2 if e < 0. It is easy to check that
and hence L ⊗2 is very ample by Lemma 2.3 since µ − (π * L ⊗2 ) ≥ 3g − 1. Now consider the graded algebra G(X, L) = ∈Z H 0 (X, L ⊗ ). Since L is ample, it is very ample and normally generated if the multiplication maps
are surjective for all k ≥ 1, i.e., G(X, L) is generated by H 0 (X, L).
Step 1. By applying Exercise II.5.16 in [Ha] to the short exact sequence
for each p = 0, 1, · · · , ai. We first prove the following claims: Claim 1. H 1 (C, ib+(ai−p)e) = 0 if i = 1 and 1 ≤ p ≤ a or i = 2 and 0 ≤ p ≤ 2a, and ib + (ai − p)e is very ample if i = 1, 2 and 0 ≤ p ≤ ai.
Claim 2. The multiplication map
Claim 6. The multiplication map
By our assumptions (α) ∼ (γ), Claim 1 is true. Also Claim 2 holds by (2.4). For Claim 3 we use induction on p. By Claim 1, H 1 (C, F ai i ) = H 1 (C, O C (ib)) = 0. Thus Claim 3 is proved by Claim 1, induction hypothesis and the short exact sequence
Then Claim 4 is checked by applying Lemma 2.1(1) to the above short exact sequence. Indeed
by Claim 3. Therefore we can prove Claim 4 by using induction on p. For Claim 5, we apply Lemma 2.1(2) to the above short exact sequence for i = 1. Indeed we can use induction on p by Claim 2. Now Claim 6 is proved by applying Lemma 2.1(2) to the short exact sequence
Indeed we can use induction on q by Claim 5.
Step 2. We first claim that µ i is surjective for all i ≥ 3. Since F a 1 = S a E ⊗ b = π * L is globally generated by Claim 4 in Step 1, we know that L is base point free by Lemma 2.4(4). Also H 1 (X, L ⊗2 ) = H 2 (X, L) = 0 and hence L is 2-regular with respect to L itself. Therefore our claim is proved by (2.2). The vanishing of H 1 (X, L ⊗2 ) follows from Lemma 2.2(1) since H 1 (X, L ⊗2 ) ∼ = H 1 (C, π * L ⊗2 ) and µ − (π * L ⊗2 ) ≥ 3g − 1. Also H 2 (X, L) ∼ = H 2 (C, π * L) = 0.
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Step 3. By Lemma 2.4(3) we have the short exact sequence
where K L is a vector bundle of rank a on X which is 1 π-regular. By Lemma 2.4(3), [P1] . Therefore for every i ≥ 1, we have H 1 (X, K L ⊗ L ⊗i ) = 0 and hence the map
is surjective. Now consider the following commutative diagram:
Therefore µ i is surjective if τ i is surjective. Since τ 1 = ζ 0,0,1 and τ 2 = ζ 0,0,2 are surjective by Claim 6 in Step 1, it is proved that µ 1 and µ 2 are surjective. By
Step 1 ∼ Step 3, we know that µ i is surjective for all i ≥ 1 and hence that L is normally generated. Now we show that X ⊂ P := PH 0 (X, L) is 4regular. By (2.2) we need to check H 1 (P, I X (3)) = H 1 (X, L ⊗2 ) = H 2 (X, L) = 0. Since X ⊂ P is projectively normal, H 1 (P, I X (3)) = 0. Also the vanishings H 1 (X, L ⊗2 ) = H 2 (X, L) = 0 are checked in Step 1. Therefore X ⊂ P is 4-regular and hence its homogeneous ideal is generated by forms of degree ≤ 4. For the last statement, the assumption H 1 (C, b + ae) = 0 guarantees that H 1 (X, L) = 0. Indeed H 1 (X, L) ∼ = H 1 (C, π * L) and π * L = S a E ⊗ b. Thus by using the short exact sequence
Step 1. Therefore H 1 (P, I X (2)) = H 1 (X, L) = H 2 (X, O X ) = 0 which completes the proof that X ⊂ P is 3-regular.
Proof of Corollary 1.2. Assume that C is hyperelliptic. Then (aC 0 + bf )| C 0 = b + ae = K C is not very ample. Therefore aC 0 + bf cannot be normally generated.
Now assume that C is nonhyperelliptic. Thus K C is very ample. Since e ≥ 3 and since b + ke = K C + (k − a)e,
for every 0 ≤ k ≤ a − 1 and hence the conditions (α), (β) and (γ) hold.
Ruled surfaces with e ≥ 0
In this section we apply Theorem 1.1 to ruled surfaces over a curve C of genus g = 3 or 4 with e ≥ 0 to solve the question ( * ) in §1. Recall that this question is completely solved when g ≤ 1 (Remark 1.1) or when C is hyperelliptic (Theorem 1.5 in [P2] ). We begin with the following:
Lemma 4.1. Let C be a nonhyperelliptic curve of genus g and let L ∈ PicC be a line bundle of degree d.
(1) If g = 3, then (α) L is very ample ⇔ (β) L is normally generated ⇔ (γ) (i) L = K C or (ii) d = 6 and H 0 (C, L − K C ) = 0 or (iii) d ≥ 7.
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(2) If g = 4, then (α) L is very ample if and only if (β) (i) L = K C or (ii) d = 7 and H 0 (C, L − K C + O C (P )) = 0 for all P ∈ C or (iii) d = 8 and H 0 (C, L − K C ) = 0 or (iv) d ≥ 9.
(3) If g = 4, then (α) L is normally generated if and only if
Proof. We first recall that every special linearly normal embedding is the linear projection of the canonical embedding and if L is nonspecial, then d ≥ g + 3 (Proposition IV.6.1 in [Ha] ).
(1) K C defines a plane curve C ⊂ P 2 and hence there does not exist special very ample line bundles except K C . Now assume that L is nonspecial. Then d ≥ 6. If d ≥ 7, then L is very ample. If d = 6, then L is very ample if and only if H 0 (C, L − K C ) = 0 by Proposition IV.3.1 in [Ha] . Therefore (α) ⇔ (γ). Also line bundles in (γ) are normally generated by Green-Lazarsfeld's result in [GL] . That is, (γ) ⇒ (β) holds. Since the normally generated ample line bundle is very ample, (β) ⇒ (α) is also true.
(2) K C defines a curve C ⊂ P 3 and hence there do not exist special very ample line bundles except K C since C cannot be embedded in P 2 . Now assume that L is nonspecial. Then d ≥ 7. If d ≥ 9, then L is very ample. If d = 8, then L is very ample if and only if H 0 (C, L − K C ) = 0 by Proposition IV.3.1 in [Ha] . Also if d = 7, then L is very ample if and only if H 0 (C, L − K C + O C (P )) = 0 for all P ∈ C by Proposition IV.3.1 in [Ha] . Therefore (α) ⇔ (β).
(3) All line bundles in (γ) are normally generated by Green-Lazarsfeld's result in [GL] . By (2) it remains to check that if d = 7, then L fails to be normally generated. Indeed L defines an embedding C ⊂ P 3 . Since h 0 (C, O C (2)) = 11, it fails to be 2-normal.
Corollary 4.2. Let X be a ruled surface over a nonhyperelliptic curve C of genus g = 3 or 4 with e ≥ 0.
(1) If a line bundle aC 0 + bf ∈ PicX is normally generated, then a ≥ 1 and the line bundle (aC 0 + bf )| C 0 = b + ae on C is normally generated.
(2) For the converse, let aC 0 + bf ∈ PicX be a very ample line bundle.
(a) If g = 3, then a ≥ 1 and (C, b + ae) falls into one of the following three cases:
We have the Table 1 for the normal generation of aC 0 + bf ( : normally generated and ?: unknown yet). 
In particular, if e ≥ 3 or e = 2 and −e is not effective or e = 0 and e = O C , then a line bundle aC 0 + bf ∈ PicX is very ample ⇐⇒ normally generated ⇐⇒ a ≥ 1 and the line bundle (aC 0 + bf )| C 0 = b + ae on C is normally generated.
(b) If g = 4, then a ≥ 1 and (C, b + ae) falls into one of the following four cases:
We have Table 2 for the normal generation of aC 0 + bf ( : normally generated, ×: fails to be normally generated and ?: unknown yet).
In particular, if e ≥ 3 or e = 2 and −e is not effective or e = 0 and e = O C , then a line bundle aC 0 + bf ∈ PicX is normally generated ⇐⇒ a ≥ 1 and the line bundle (aC 0 + bf )| C 0 = b + ae on C is normally generated.
Proof. Put L = aC 0 + bf . (1) Assume that L is normally generated. Then the restrictions to a fiber of π and C 0 are also very ample. Thus a ≥ 1 and L| C 0 = b+ae is a very ample line bundle on C such that deg(b + ae) = b − ae. Now we apply Lemma 4.1 to b+ae. If g = 3, then b+ae = K C or H 1 (C, b+ae) = 0 and b−ae ≥ 6. If g = 4, then b + ae = K C or H 1 (C, b + ae) = 0 and b − ae ≥ 7. Thus H 1 (X, O X (−C 0 ) ⊗ L j+1 ) = 0 for all j ≥ 1 by Lemma 2.2(1). In particular (aC 0 + bf )| C 0 is normally generated by Proposition 5.1 in [P2] .
For (2), assume that if L| C 0 is normally generated, then the assertion comes from Theorem 1.1, Corollary 1.2, Lemma 4.1 and Proposition 5.1 in [P2] . Note that for a line bundle A ∈ PicC of degree 2, K C + A is very ample if and only if A is not effective.
Remark 4.1. It is to be regretted that we cannot obtain a result for the cases marked by "?". Here we give a concrete example. Let X be a ruled surface over a nonhyperelliptic curve C of genus g ≥ 3. Assume that e = 2 and E = O C ⊕ e. Then aC 0 + bf (a ≥ 1) is very ample if and only if b, b + e, b + (a − 1)e and b + ae are base point free and b and b + ae are very ample by Theorem 3.14 in [FP1] . In particular aC 0 + bf is very ample if b + ae = K C . But we cannot apply Theorem 1.1 to aC 0 + bf since b + (a − 1)e = K C − e fails to be very ample.
